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We show that complete positivity is not only sufficient but also necessary for the validity of the
quantum data-processing inequality. As a consequence, the reduced dynamics of a quantum system
are completely positive, even in the presence of initial correlations with its surrounding environment,
if and only if such correlations do not allow any anomalous backward flow of information from the
environment to the system. Our approach provides an intuitive information-theoretic framework to
unify and extend a number of previous results.
In the case in which we are describing global evolutions
as “quantum processors” or “input-output black boxes,”
there is no doubt that the only operationally, physically,
and mathematically well-defined way to proceed is that
given by the formalism of quantum operations, in the
sense of Kraus [1–3], i.e., completely positive (CP) linear
maps. As it turns out, quantum operations can always
be modeled as interactions of the input system with an
environment, initially factorized from (and independent
of) the input system, and discarded after the interaction
took place [1–5]. Such a model, however, is not univer-
sally valid, but relies on an initial factorization condition.
The question then naturally arises [6–16]: what hap-
pens when the initial factorization condition does not
hold, namely, when system and environment are, already
before the interaction is turned on, correlated? While
this question arguably originated from practical motiva-
tions (e.g., the difficulty to experimentally enforce the ini-
tial factorization assumption), it soon moved to a more
fundamental level, in an attempt to challenge the very
physical arguments often put forth to promote CP dy-
namics as the only “physically reasonable” reduced dy-
namics. (On this point see, e.g., Refs. [1, 2], but also
Section 8.2.4 of [3]). As one would expect, by allowing
the input system and its environment to start in a cor-
related state, it is possible that the reduced dynamics of
the system are not CP anymore. The possibility of ex-
ploring phenomena outside the CP framework attracted
considerable interest [8–23], in particular in connection
with the possibility of circumventing thermodynamic or
information-theoretic tenet like, e.g., the second law of
thermodynamics (by anomalous heat flow [17, 18]) or
the data-processing inequality (by anomalous increase of
distinguishability [20], by entanglement revivals via lo-
cal operations [9, 21–23], or by violating the no-cloning
theorem [19]). In the language of the theory of open
quantum systems, all such violations are interpreted as
signatures of the fact that the underlying global evolu-
tion is non-divisible [20–24], i.e., it cannot be decomposed
into a chain of CP maps across successive time intervals.
Fig. 1 below illustrates a simple example of such a non-
divisible evolution.
The study of non-CP dynamics naturally motivates
𝑅
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Entanglement between 𝑅 and 𝑄 in time
FIG. 1. A simple example exhibiting non-CP reduced dynam-
ics. The quantum system Q, initially entangled with a refer-
ence quantum system R, locally interacts with a quantum en-
vironment E, initially factorized from bothQ andR, while the
reference remains isolated during the whole process. Nonethe-
less, as a consequence of the joint system-environment unitary
evolution, the entanglement between R and Q may periodi-
cally oscillate between a maximum and a minimum value (the
numerical values plotted are only indicative). An observer,
having access to R and Q only, would notice periodic revivals
of entanglement (the arrow in blue) between R and Q due to
a local transformation of Q alone – a clear signature that the
reduced dynamics of Q, within two instants in time during
which such revivals occur, cannot be described by a CP map
(i.e., locally in time, during the revivals, the evolution of Q is
non-divisible).
also the complementary search for conditions (to be satis-
fied by the initial system-environment correlations) that
guarantee CP reduced dynamics. Within this trend we
recall, in particular, the Pechukas-Alicki debate about
whether the initial factorization condition is the only rea-
sonable one to require (Ref. [7] commenting on Ref. [6]).
More recently, attempts have been made to show that CP
reduced dynamics are fundamentally related with initial
system-environment correlations having vanishing quan-
tum discord: building on Ref. [13], where it was proved
that zero discord is sufficient for CP reduced dynamics,
Ref. [14] later claimed the two conditions to be equiva-
lent, but it turned out that the equivalence only holds
for restricted spaces of initial states [15]. A rigorous
framework for this problem has recently been provided
in Ref. [16], but a complete characterization of which ini-
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2tial system-environment correlations lead to CP reduced
dynamics is not available yet.
Here, we propose a different way to tackle this prob-
lem starting from a simple initial idea: if, on one
hand, non-CP reduced dynamics lead to the violation
of data/energy-processing principles (as seen above), can
complete positivity, on the other hand, be recovered by
assuming that a suitably chosen data-processing inequal-
ity always holds? In other words, is the absence of
anomalous backward flows of information/heat only nec-
essary, or is it also sufficient for the complete positivity
of the reduced dynamics? Our answer, in the affirmative,
not only establishes a novel information-theoretic char-
acterization of the property of complete positivity, but
provides, as a by-product, a comprehensive description
of which initial system-environment correlations indeed
lead to CP reduced dynamics.
Our approach, as in the example depicted in Fig. 1,
does not focus solely on the initial system-environment
correlations, but brings into play a third system, a refer-
ence, with respect to which both the property of complete
positivity [25] and the data-processing inequality [26] can
be conveniently phrased. Our results are therefore formu-
lated in terms of tripartite, rather than bipartite, initial
configurations: it is however a straightforward matter to
go back, from our tripartite framework, to the conven-
tional bipartite system-environment scenario.
To be more precise, the operational framework we
adopt is the following (see also Fig. 2 below):
1. At some time t = τ , we fix a tripartite configura-
tion, i.e., an arbitrary tripartite density operator
ρτRQE , describing the initial correlations between
the systemQ, its environment E, and a referenceR.
The reference, reminiscent of the construction used
by Choi [25] to study completely positive maps,
here plays the role of the “blind and dead” witness
system of Pechukas [6]. It can be helpful to imagine
that we are in a situation like that in Fig. 1, but
“freezed” at some intermediate time t = τ , when
the correlations between R, Q, and E are arbitrary.
𝐸
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FIG. 2. Our operational framework: given an initial tripartite
configuration ρRQE , we ask whether, for any joint system-
environment evolution V : QE → Q′E′, there exists a com-
pletely positive, trace-preserving linear map E describing the
reduced dynamics Q→ Q′.
2. We move to the next instant in time, i.e., t = τ +
∆. We assume that the pair system-environment
evolves from τ to τ + ∆ according to some uni-
tary operator V , while the reference R remains un-
changed.
3. Denoting by Q′ and E′ the system and the envi-
ronment after the evolution described by V has
taken place, the tripartite configuration ρτRQE has
evolved to the tripartite configuration στ+∆RQ′E′ =
(1R ⊗ VQE)ρτRQE(1R ⊗ V †QE).
4. We then look at the reduced reference-system dy-
namics (i.e., the transformation mapping ρτRQ to
στ+∆RQ′ ) and check whether they are compatible
with the application of a completely positive trace-
preserving linear map on the system Q alone. More
explicitly, we check whether there exists a com-
pletely positive trace-preserving linear map E , map-
ping Q to Q′, such that στ+∆RQ′ = (idR ⊗ EQ)(ρτRQ).
The main result of this paper is to prove that those tri-
partite configurations, for which the reduced reference-
system dynamics are always (i.e., for all possible evo-
lutions V ) compatible with the application of a com-
pletely positive trace-preserving map on the system Q
alone, are exactly those tripartite configurations, for
which the reduced reference-system dynamics never vi-
olates the quantum data-processing inequality [26]. This
result is obtained by proving that such tripartite con-
figurations are exactly those constituting short quantum
Markov chains [27], i.e., tripartite states such that the
quantum mutual information between the reference and
the environment, conditional on the system, is zero. The
rest of the paper is devoted to carefully define all the
above ideas, state the main results, and show how our
tripartite scenario provides a way to unify and, at the
same time, considerably extend a number of results pre-
viously considered in the literature.
Useful facts.—In what follows, we only consider quan-
tum systems defined on finite dimensional Hilbert spaces
H. We denote by L(H) the set of all linear operators
acting on H, by L+(H) ⊂ L(H) the set of all positive
semi-definite elements, and by S(H) ⊂ L+(H) the set of
all states ρ, i.e., operators with ρ > 0 and Tr[ρ] = 1. The
identity operator in L(H) will be denoted by the symbol
1, whereas the identity map from L(H) to L(H) will be
denoted by id. In what follows, a channel is meant to be
a linear map E : L(HQ) → L(HQ′), which is completely
positive and trace-preserving (CPTP) everywhere. For
brevity, we will denote E : L(HQ) → L(HQ′) simply by
E : Q → Q′. Also, a joint evolution of systems Q and
E will be meant to be an isometry V : HQ ⊗ HE →
HQ′ ⊗HE′ , or, for brevity, V : QE → Q′E′.
As anticipated above, we consider physical situations,
in which the global configuration can be divided into
3a reference R, the system Q, and its surrounding en-
vironment E. A particular configuration, at some in-
stant in time τ that we choose as the initial time for our
analysis, is then specified by assigning a tripartite state
ρRQE ∈ S(HR ⊗HQ ⊗HE). Among all tripartite states,
those that will play a central role here are the so-called
short quantum Markov chains (Markov states, for short),
namely those states for which the conditional quantum
mutual information, defined as
I(R;E|Q)ρ = S(ρRQ)+S(ρQE)−S(ρRQE)−S(ρQ), (1)
S(ρ) := −Tr[ρ log ρ] being the usual von Neumann en-
tropy, is null. The key property of Markov states we need
is the following [27]: a tripartite state ρRQE is such that
I(R;E|Q)ρ = 0 if and only if there exists a CPTP map
R : Q→ QE such that ρRQE = (idR ⊗RQ)(ρRQ).
The data-processing inequality.—Consider three clas-
sical random variables, X, Y , and Z, constituting a
Markov chain X → Y → Z. Then, by defining the input-
output mutual informations I(X;Y ) = H(X) +H(Y )−
H(XY ) and, analogously, I(X;Z), the data-processing
inequality I(X;Y ) > I(X;Z) holds [28]. This formalizes
the intuition that any post-processing can only decrease
the total amount of information, or, in other words, that
“there are no free lunches in information theory.”
The same intuition is indeed correct also in quantum
information theory and is formalized as follows. One first
introduces a reference system R, initially correlated with
the input quantum system Q, their joint state being de-
noted by ρRQ. Then, the system Q is fed into the chan-
nel E : Q → Q′, while the reference is left untouched.
The joint state ρRQ has correspondingly changed into
σRQ′ := (idR ⊗EQ)(ρRQ). The quantum data-processing
theorem [26] states that, for any ρRQ ∈ S(HR⊗HQ) and
for any CPTP map E : Q→ Q′, the following inequality
holds:
I(R;Q)ρ > I(R;Q′)σ. (2)
where I(R;Q)ρ := S(ρR) + S(ρQ) − S(ρRQ) and
I(R;Q′)σ := S(σR) +S(σQ′)−S(σRQ′) are, respectively,
the initial and final quantum mutual informations.
In other words, the quantum data-processing theorem
states that any local post-processing can only decrease
the total amount of correlations. This constitutes the
formal reason why any revival of correlations, like that
described in Fig. 1, falls outside the framework of CP
dynamics.
The reference system R plays, in the quantum data-
processing inequality, the same role that the input ran-
dom variable plays in the classical data-processing in-
equality. The relation between these two views, seem-
ingly rather different, is given by the possibility of using
the system R to “steer” [30, 31] different states on Q
by means of local measurements on R alone. The set of
states S that can be steered on Q from R depends on the
initial correlations between R and Q, i.e., it depends on
the joint state ρRQ, as follows:
SQ(ρRQ) :=
{
TrR[(PR ⊗ 1Q) ρRQ]
Tr[(PR ⊗ 1Q) ρRQ] : PR ∈ L
+(HR)
}
.
(3)
We will use steering in order to recover, from the tripar-
tite scenario (reference-system-environment) employed in
this paper, the simpler and more conventional bipartite
scenario (system-environment) usually considered in the
literature.
Assuming the data-processing inequality.—Let the
starting configuration be given by a tripartite state ρRQE
shared between a reference R, the quantum system under
observation Q, and the environment E. Notice that we
do not make any assumptions on the initial correlations
existing among R, Q, and E. We then let the system
Q and the environment E evolve jointly: this is formal-
ized by applying an isometry V : QE → Q′E′. We then
trace out the final environment system E′, focusing on
the reduced dynamics RQ→ RQ′ (see again Fig. 2).
We begin with a definition: given an initial tripar-
tite configuration ρRQE and a joint system-environment
evolution V : QE → Q′E′, define the final state
σRQ′E′ := VQEρRQEV †QE . We say that the reduced dy-
namics Q → Q′ are (globally) CPTP if there exists a
CPTP map E : Q→ Q′ such that
σRQ′ = (idR ⊗ EQ)(ρRQ). (4)
We are now ready to state the main theorem (whose proof
can be found in the Supplemental Material [32]):
Theorem 1. Fix a tripartite configuration ρRQE. The
following are equivalent:
(a) For any joint system-environment evolution V :
QE → Q′E′, the reduced dynamics Q → Q′ sat-
isfy the quantum data-processing inequality (2).
(b) I(R;E|Q)ρ = 0.
(c) For any joint system-environment evolution V :
QE → Q′E′, the reduced dynamics Q → Q′ are
CPTP, in the sense of (4).
The rest of the paper is devoted to showing how con-
siderable parts of the previous literature can be seen as
special cases of the tripartite scenario considered here.
The central idea is that, considering a tripartite config-
uration ρRQE is essentially equivalent to considering a
whole family of bipartite states on HQ ⊗ HE . Such a
family is obtained by “steering” states of QE by mea-
surements on R, as formally described in Eq. (3). We
start with a definition: we say that a family of bipartite
system-environment states S ⊆ S(HQ ⊗ HE) is a post-
selected (or post-selectable) family, if there exist an initial
4system Q0, an initial environment E0, and a completely
positive map P : Q0E0 → QE such that S coincides with
the output state space of P, i.e.,
S =
{ P(ρQ0E0)
Tr[P(ρQ0E0)]
: ρQ0E0 ∈ S(HQ0 ⊗HE0)
}
. (5)
It is important to stress that the class of post-selected
families is very general: it contains, for example, all fam-
ilies that are obtained as mixtures of a finite or countable
number of fixed states (i.e., polytopes), but also families
of the form ρQ ⊗ σ¯E , for varying ρ and fixed σ¯. It is
also important to stress that the idea of post-selection
introduced here is rather different from that considered
by Alicki in [7]: while Alicki insists on post-selection op-
erations embedding Q into QE, here we lift such limiting
assumption, allowing instead for a completely general ini-
tial system Q0E0.
We are now ready to state the second main result of
this paper (whose proof, uses some ideas previously em-
ployed in Refs. [33, 34], can be found in the Supplemental
Material [32]):
Theorem 2. Let S ⊆ S(HQ ⊗ HE) be a post-selected
family of initial bipartite system-environment states, pos-
sibly correlated, as in (5). The following are equivalent:
(a) There exists a reference system HR and a tripartite
Markov state ρRQE such that SQE(ρRQE) = S.
(b) For any joint system-environment evolution V :
QE → Q′E′, there exists a corresponding CPTP
map E : Q → Q′ such that TrE′ [VQEωQEV †QE ] =
E(TrE [ωQE ]), for all ωQE ∈ S.
Theorem 2 above states that, checking whether a given
family of bipartite system-environment states gives rise
to completely positive reduced dynamics, is equivalent to
checking whether said family can be obtained by steering
from a tripartite Markov state. While we cannot say that
the latter condition is always easier to check than the
former, it is fair to affirm that the latter is very easy to
check for the relevant examples presented so far in the
literature.
First example: families with zero quantum discord.—
Let us consider bipartite system-environment states of
the form:
ρpQE =
n∑
i=1
pi|iQ〉〈iQ| ⊗ ρiE , (6)
where {|iQ〉〈iQ|⊗ρiE}ni=1 are n fixed bipartite states such
that 〈iQ|jQ〉 = δij , while p = (p1, · · · , pn) is an arbitrary
vector of probabilities. For varying p, Eq. (6) defines a
family of states, which we denote by S0. Notice that
the family S0 is a finite polytope and, therefore, Theo-
rem 2 can be applied. The family S0 was first considered,
in relation with the problem of characterizing complete
positivity, in Ref. [13], where it is proved, by direct in-
spection of the coefficient matrix of the associated dy-
namical maps, that S0 satisfies condition (b) of Theo-
rem 2. In this case, however, condition (a) seems much
easier to check, since a tripartite Markov state inducing
S0 by steering on R is simply given by, e.g.,
ρRQE =
1
n
∑
i
|iR〉〈iR| ⊗ |iQ〉〈iQ| ⊗ ρiE ,
for 〈iR|jR〉 = δij .
Second example: families with non-zero quantum
discord.—Due to the fact that states of the form (6)
are also those (and only those) with zero quantum dis-
cord [35], the absence of quantum discord has been con-
jectured to be the essential ingredient for complete pos-
itivity. Ref. [14] later claimed to have a proof of the
conjecture, but that claim has recently been disproved
in Ref. [15]. The counterexample provided in Ref. [15] is
constructed from bipartite system-environment states of
the following form:
ζpQE = pζαQE + (1− p)ζβQE , (7)
where ζαQE , ζ
β
QE ∈ S(HQ ⊗HE) are chosen as
ζαQE =
1
2 |0Q〉〈0Q| ⊗ ρ
0
E +
1
2 |+Q〉〈+Q| ⊗ ρ
+
E ,
with |+〉 = 2−1/2(|0〉+ |1〉) and ρ0E , ρ+E , and
ζβQE = |2Q〉〈2Q| ⊗ ρ2E .
The polytope of states obtained from (7) for p vary-
ing in [0, 1] indeed satisfies condition (b) of Theorem 2,
even though its elements can have non-zero quantum dis-
cord [15]. Ref. [15], in order to prove (b), employs the
same technique used in Ref. [13], i.e., a direct inspec-
tion of the coefficient matrix of the associated dynamical
maps. Also in this case, condition (a) seems much easier
to check, simply by considering a tripartite Markov state
of the form, e.g.,
ζRQE =
1
2 |αR〉〈αR| ⊗ ζ
α
QE +
1
2 |βR〉〈βR| ⊗ ζ
β
QE , (8)
with 〈αR|βR〉 = 0. For the sake of brevity, we moved the
proof that ζRQE indeed is a Markov state to the Supple-
mental Material [32]. On the other hand, it is trivial to
see that any state in (7) can be obtained from ζRQE by
steering on R.
Third example: families of entangled states.—The fam-
ilies of states considered in Refs. [13] and [14] contain
only separable states. One may wonder whether sepa-
rability is necessary for completely positive reduced dy-
namics. In the Supplemental Material [32] we provide an
explicit procedure to construct examples of families of
5system-environment that, though entangled, still satisfy
condition (b) of Theorem 2.
Fourth example: derivation of the initial factorization
condition.—We conclude by showing how the initial fac-
torization condition, usually assumed in quantum infor-
mation theory, can in fact be derived from the quantum
data-processing inequality and one natural extra assump-
tion, namely, that the restriction to the system Q of the
initial family S ⊆ S(HQ ⊗ HE) of system-environment
states coincides with the whole system’s state space
S(HQ). This assumption in fact implies that the tri-
partite state ρRQE has the form |Φ+R′Q〉〈Φ+R′Q| ⊗ ρ˜R′′E ,
where R  R′R′′ and |Φ+R′Q〉 is a pure entangled state
with invertible reduced density matrix. But then, the
Markov condition I(R;E|Q)ρ = 0 can hold only if R′′
is the trivial (i.e., one-dimensional) system, i.e., ρRQE =
|Φ+R′Q〉〈Φ+R′Q| ⊗ ρ˜E , thus recovering the initial factoriza-
tion condition.
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Supplemental Material – 1/3
We recall, for completeness, the conventions we adopt. In what follows, we only consider quantum systems defined on
finite dimensional Hilbert spaces H. We denote by L(H) the set of all linear operators acting on H, by L+(H) ⊂ L(H)
the set of all positive semi-definite elements, and by S(H) ⊂ L+(H) the set of all states ρ, i.e., operators with ρ > 0
and Tr[ρ] = 1. The identity operator in L(H) will be denoted by the symbol 1, whereas the identity map from L(H)
to L(H) will be denoted by id. In what follows, a channel is meant to be a linear map E : L(HQ)→ L(HQ′), which is
completely positive and trace-preserving (CPTP) everywhere. For brevity, we will denote E : L(HQ)→ L(HQ′) simply
by E : Q → Q′. Also, a joint evolution between systems Q and E will be meant to be an isometry V : HQ ⊗HE →
HQ′ ⊗HE′ , or, for brevity, V : QE → Q′E′.
Proof of Theorem 1
Theorem. Fix a tripartite configuration ρRQE. The following are equivalent:
(a) For any joint system-environment evolution V : QE → Q′E′, the reduced dynamics Q→ Q′ satisfy the quantum
data-processing inequality (2).
(b) I(R;E|Q)ρ = 0.
(c) For any joint system-environment evolution V : QE → Q′E′, the reduced dynamics Q → Q′ are CPTP, in the
sense of (4).
Proof. Let us start by proving that (a) implies (b). We consider the quantum data-processing inequality in the
form (2), and we assume by hypothesis that it holds for any joint evolution V : QE → Q′E′. In particular, one
example of an evolution is one for which Q′ = QE (that is, the isometry that simply embeds the joint system QE
of the input into the output system Q′, while taking E′ to be a trivial system). Since we have assumed that the
data-processing inequality holds, it follows that I(R;Q)ρ > I(R;Q′)σ = I(R;QE)ρ. On the other hand, by tracing
over system E of state ρRQE , the quantum data-processing inequality also gives I(R;QE)ρ > I(R;Q)ρ. Thus, it
follows from our assumption that I(R;QE)ρ = I(R;Q)ρ, which is equivalent to I(R;E|Q)ρ = 0.
Let us now prove that (b) implies (c), that is, we assume that I(R;E|Q)ρ = 0 and show that, for any isometry
V : QE → Q′E′, there exists a CPTP map E : Q → Q′ such that σRQ′ = (idR ⊗ EQ)(ρRQ). First of all, we
recall that the condition I(R;E|Q)ρ = 0 guarantees the existence of a CPTP map R : Q → QE such that ρRQE =
(idR ⊗ RQ)(ρRQ) [27]. We therefore start from the reduced reference-system state ρRQ = TrE [ρRQE ], on which we
apply (locally on Q) the reconstruction map R to obtain ρRQE . We then apply the same isometry V : QE → Q′E′,
finally tracing over E′, leaving only Q′. The final result, by construction, equals exactly that one would get from
the original system-environment evolution, but it has been obtained only by local, CPTP transformations acting on
system Q alone. We therefore explicitly constructed a CPTP map E : Q→ Q′ such that σRQ′ = (idR ⊗ EQ)(ρRQ).
The final logical relation, (c) implies (a), is nothing but the quantum data-processing theorem [26].
Proof of Theorem 2
Theorem. Let S ⊆ S(HQ ⊗ HE) be a post-selected family of initial bipartite system-environment states, possibly
correlated, as in (5). The following are equivalent:
(a) There exists a reference system HR and a tripartite Markov state ρRQE such that SQE(ρRQE) = S.
(b) For any joint system-environment evolution V : QE → Q′E′, there exists a corresponding CPTP map E : Q→ Q′
such that TrE′ [VQEωQEV †QE ] = E(TrE [ωQE ]), for all ωQE ∈ S.
Proof. Let us start by proving that (a) implies (b). By Theorem 1, we know that, for any joint system-environment
evolution V : QE → Q′E′, there exists a CPTP map E : Q→ Q′ such that
TrE′ [VQE ρRQE V †QE ] = (idR ⊗ EQ)(ρRQ).
This condition implies, in particular, that
TrRE′ [(PR ⊗ 1QE) VQEρRQEV †QE ] = TrR[(PR ⊗ 1Q) (idR ⊗ EQ)(ρRQ)],
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for any PR ∈ L+(HR). Since, on the other hand, we assume that the family S can be obtained from ρRQE by steering,
we indeed obtain (b), i.e., for any ωQE ∈ S, TrE′ [VQEωQEV †QE ] = E(TrE [ωQE ]).
Let us now turn to the converse, i.e., (b) implies (a). Let us introduce a reference system R, such that HR 
HQ0 ⊗HE0 , and define a maximally entangled state |Φ+RQ0E0〉 ∈ HR ⊗HQ0 ⊗HE0 . It is a well-known fact that the
maximally entangled state can be used to steer any state, i.e., SQ0E0(Φ+RQ0E0) = S(HQ0⊗HE0). Let us now construct
the state
ρRQE := k(idR ⊗ PQ0E0)(Φ+RQ0E0),
where P : Q0E0 → QE is the completely positive map post-selecting the family S, and k > 0 is a normalizing
constant. Then, by construction, SQE(ρRQE) = S.
Let now
{P iR : 1 6 i 6 (dimHR)2}
be a complete set of linearly independent elements of L+(HR). There exists therefore a corresponding family of
self-adjoint operators
{LiR : 1 6 i 6 (dimHR)2} ⊂ L(HR)
such that
XR =
∑
i
Tr[XRP iR]LiR,
for any XR ∈ L(HR). By linearity then,
ρRQE =
∑
i
LiR ⊗ TrR[(P iR ⊗ 1QE) ρRQE ]
(see also Refs. [33, 34]). In particular, for any V : QE → Q′E′,
VQEρRQEV
†
QE =
∑
i
LiR ⊗ {VQE TrR[(P iR ⊗ 1QE) ρRQE ]V †QE}.
We then use the fact that S = SQE(ρRQE) to guarantee the existence of a CPTP map E : Q→ Q′ such that
TrE{VQE TrR[(P iR ⊗ 1QE)ρRQE ] V †QE} = EQ{TrR[(P iR ⊗ 1Q) ρRQ]},
for all i. Therefore,
TrE [VQEρRQEV †QE ] =
∑
i
LiR ⊗ EQ{TrR[(P iR ⊗ 1Q) ρRQ]} = (idR ⊗ EQ)(ρRQ).
This last condition is nothing but condition (c) in Theorem 1, which is equivalent to I(R;E|Q)ρ = 0.
Proof that the tripartite state in (8) is Markovian
We prove here that the state
ζRQE =
1
2
{
|αR〉〈αR| ⊗
( |0Q〉〈0Q| ⊗ ρ0E + |+Q〉〈+Q| ⊗ ρ+E
2
)}
+ 12
{
|βR〉〈βR| ⊗ |2Q〉〈2Q| ⊗ ρ2E
}
,
with the condition 〈αR|βR〉 = 0 is Markovian, i.e., I(R;E|Q)ζ = 0. To this end, consider two orthogonal projectors
on Q defined as PαQ := |0Q〉〈0Q|+ |1Q〉〈1Q| and P βQ := |2Q〉〈2Q|. Clearly,
ζRQE =
∑
x=α,β
(1R ⊗ P xQ ⊗ 1E) ζRQE (1R ⊗ P xQ ⊗ 1E).
Moreover
TrQ
[
(1R ⊗ P xQ ⊗ 1E) ζRQE
]
= 12 |xR〉〈xR| ⊗ ζ
x
E , x = α, β,
where ζxE = TrQ[ζxQE ]. Therefore, conditional on the outcome x, the reference R and the environment E are always
factorized. This is exactly the condition for which I(R;E|Q)ρ = 0.
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General method for constructing families of correlated system-environment states that always lead to
complete positive reduced dynamics
We present here a general procedure to explicitly obtain families of initial system-environment states which, even
if highly entangled, nonetheless always lead to CP reduced dynamics. Such examples can be constructed as follows:
1. Fix a reference Hilbert space HR, an initial Hilbert space HQ0 , and a bipartite (possibly mixed) state ωRQ0 ∈
S(HR ⊗HQ0).
2. Choose now an invertible CPTP mapW : Q0 → Q, i.e., such that there exists another CPTP mapW ′ : Q→ Q0
with W ′ ◦ W = idQ0 . Such CPTP maps, as shown in [27], are such that their Stinespring isometric dilations
W : HQ0 → HQ⊗HE , when locally applied to any bipartite state ωRQ0 , automatically produce tripartite states
ρRQE := (1R ⊗WQ0)ωRQ0(1R ⊗W †Q0) with I(R;E|Q)ρ = 0.
3. From the tripartite Markov state ρRQE obtained above, construct the family SQE(ρRQE) ⊆ S(HQ ⊗ HE), by
steering from R, as described in Eq. 3.
Notice that, while the condition I(R;E|Q)ρ = 0 implies that ρRE = TrQ[ρRQE ] is separable [27], no particular
restriction exists for ρQE . This means that it is possible that the family SQE(ρRQE) contains also entangled states.
Nonetheless, by Theorem 2, any evolution V : QE → Q′E′, followed by the partial trace over E′, will always lead to
CPTP reduced dynamics Q→ Q′, for any state in SQE(ρRQE).
